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BURIED OBJECT APPROACH FOR SOLVING
ELECTROMAGNETIC SCATTERING PROBLEMS INVOLVING
ROUGH SURFACES
SUMMARY
In this thesis, a novel and effective method is presented for the solution of two
classes of electromagnetic scattering problems, i.e.: for the scattering from a
half-space having rough surface and for the scattering from objects buried un-
der a rough surface. Such problems are of great importance in electromagnetic
theory due to the their potential applications in practice such as modeling of
ground wave propagation, remote sensing of geophysical terrains such as snow,
soil and vegetation, detection and location of dielectric mines, non-destructive
testing, determination of underground cracks and earthquake zones, detection of
underground tunnels and pipelines etc.
First a method is given for the solution of scattering problems from a rough
interface between two lossy dielectric half-spaces in the case of plane wave illu-
mination. For the sake of simplicity we consider one dimensional locally rough
surfaces. In our approach we account for the scattering from the irregularities of
the rough surface as scattering from objects buried in two half-spaces separated
by a planar interface. This allows us to formulate the problem as a scatter-
ing problem related to cylindrical bodies of arbitrary cross sections. Through
the Green’s function of the two half-spaces medium where the irregularities are
buried, the problem is reduced to the solution of a Fredholm integral equation of
second kind which can be treated by using one of the known techniques. In this
work, we solved the integral equation via an application of Method of Moments
(MoM) by reducing it to a linear system of equations. The computational cost
of the present method is directly proportional to the number of irregularities of
the surface and their sizes. As a result the method is very effective for surfaces
having a localized roughness, arbitrary rms height and slope. The method per-
mits us to obtain both near and far field expressions of the scattered wave in the
half-spaces above and below the surface.
The buried object approach to a rough surface allows us also to solve the scattering
problems related to the bodies buried under a rough surface. In this work we
consider cylindrical bodies buried under a one dimensional locally rough surface
and illuminated by a time harmonic plane wave. Through the Green’s function
of the background medium with rough interface the problem is reduced to the
solution of a Fredholm integral equation of the second kind for the scattered
field due to the bodies, which is solved here via application of MoM. On the
other hand the determination of the Green’s function constitutes a separate and
difficult problem in the case of two half-spaces characterized by different media
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and separated by a rough interface. This can be done by solving the scattering
problem from rough interface in the case of line source illumination through the
buried object approach (BOA) described above. The present method permits us
to obtain both near and far field expressions of the scattered wave for buried
objects of arbitrary number and shapes.
We here compared our numerical results results with those given in the open
literature. It has been observed that our approach yields quite accurate results,
and furthermore it provides a region of validity which is wider than the available
methods.
x
DU¨ZGU¨N OLMAYAN YU¨ZEYLERI˙ I˙C¸EREN
ELEKTROMAGNETI˙K SAC¸ILMA PROBLEMLERI˙NI˙N C¸O¨ZU¨MU¨
I˙C¸I˙N GO¨MU¨LU¨ CI˙SI˙M YAKLAS¸IMI
O¨ZET
Bu tez c¸alıs¸masında, engebeli yu¨zeye sahip bir yarı uzaydan sac¸ılma ve engebeli
yu¨zey altına go¨mu¨lu¨ cisimlerden sac¸ılma problemleri olmak u¨zere iki tu¨r elektro-
magnetik sac¸ılma probleminin c¸o¨zu¨mu¨ ic¸in yeni ve etkin bir yo¨ntem verilmis¸tir.
So¨z konusu problemler, yer dalgası yayılımının modellenmesi, kar, toprak ve bitki
o¨rtu¨su¨ gibi yer yu¨zeyinin jeofiziksel o¨zelliklerinin uzaktan algılanması, dielek-
trik mayınların tespiti, tahribatsız muayene, yer kabug˘u altındaki c¸atlak ve fay-
ların bulunması, yer altındaki tu¨nel ve boru hatlarının belirlenmesi gibi pek c¸ok
uygulama alanına sahip olmaları sebebiyle elektromagnetik teoride bu¨yu¨k o¨neme
sahiptirler.
I˙lk olarak, du¨zlemsel dalga ile aydınlatma durumunda, kayıplı iki dielektrik yarı
uzay arasındaki engebeli arayu¨zeye ilis¸kin sac¸ılma problemlerinin c¸o¨zu¨mu¨ ic¸in
bir yo¨ntem verilmis¸tir. Basitlik ac¸ısından bir boyutlu engebeli yu¨zeyler go¨zo¨nu¨ne
alınmıs¸tır. Bizim yaklas¸ımımızda, du¨zgu¨n olmayan yu¨zeyin engebeleri, du¨zlemsel
arayu¨zeye sahip iki parc¸alı uzaya go¨mu¨lu¨ cisimler olarak kabul edilmekte ve bu
da problemi, rastgele kesitlere sahip silindirik cisimlere ilis¸kin sac¸ılma problemi
gibi du¨zenlemeye olanak vermektedir. Engebelerin go¨mu¨lu¨ oldug˘u iki parc¸alı
uzayın Green fonksiyonu aracılıg˘ıyla problem ikinci tip bir Fredholm integral
denkleminin c¸o¨zu¨mu¨ne indirgenmekte olup bu denklem bilinen sayısal teknikler
kullanılarak c¸o¨zu¨lebilmektedir. Bu c¸alıs¸mada, integral denklem, bir lineer den-
klem sistemine do¨nu¨s¸tu¨ru¨lerek Moment yo¨ntemiyle (MoM) c¸o¨zu¨lmu¨s¸tu¨r. Ver-
ilen yo¨ntemin hesaplama maliyeti dog˘rudan yu¨zeyin engebelerinin sayısına ve
bu¨yu¨klu¨g˘u¨ne bag˘lıdır. Sonuc¸ olarak yo¨ntem, lokal bir aralıkta herhangi bir kare-
sel ortalama (rms) yu¨kseklig˘e ve eg˘ime sahip olan engebelerden olus¸an yu¨zeyler
ic¸in oldukc¸a etkindir. Yo¨ntem, yu¨zeyin altındaki ve yu¨zeyin u¨stu¨ndeki yarı uzay-
larda sac¸ılan alanın hem uzak alan hem de yakın alan ifadelerinin elde edilmesine
mu¨sade etmektedir.
Engebeli yu¨zeye, go¨mu¨lu¨ cisimler gibi yaklas¸mak, engebeli yu¨zey altına go¨mu¨lu¨
cisimlere ilis¸kin sac¸ılma problemlerinin c¸o¨zu¨mu¨ne de olanak sag˘lamaktadır. Bu
amac¸la, du¨zlemsel dalga ile aydınlatılan, bir boyutlu, lokal bir aralıkta engebelere
sahip olan bir yu¨zey altına go¨mu¨lu¨ silindirik cisimler go¨zo¨nu¨ne alınmıs¸tır. Enge-
beli arayu¨zeye sahip iki parc¸alı uzayın Green fonksiyonu yardımıyla, cisimlerden
sac¸ılan alan problemi, ikinci tip bir Fredholm integral denklemine do¨nu¨s¸tu¨ru¨lmu¨s¸
ve MoM kullanılarak c¸o¨zu¨lmu¨s¸tu¨r. Dig˘er taraftan, arayu¨zeyi engebeli iki parc¸alı
uzayın Green fonksiyonunun belirlenmesi ayrı ve zor bir problem olus¸turmaktadır.
Bu problemin c¸o¨zu¨mu¨, yukarıda bahsedilen go¨mu¨lu¨ cisim yaklas¸ımıyla, c¸izgisel
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kaynakla aydınlatma durumu ic¸in engebeli arayu¨zeyden sac¸ılma problemini c¸o¨zu¨-
lerek yapılır. Verilen yo¨ntem, herhangi bir sayıda ve herhangi bir s¸ekle sahip olan
cisimler ic¸in sac¸ılan dalganın uzak ve yakın alan ifadelerini elde etmeye imkan
vermektedir.
Elde edilen yo¨ntem, heriki problem ic¸in de literatu¨rde verilen sonuc¸larla kars¸ılas¸-
tırılmak suretiyle test edilmis¸tir. Yo¨ntemin oldukc¸a iyi sonuc¸lar verdig˘i go¨zlen-
mis¸tir. Yo¨ntemin gec¸erlilik aralıg˘ı uygulanabilen dig˘er yo¨ntemlere go¨re daha
yu¨ksektir.
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1 INTRODUCTION
Analysis of electromagnetic scattering both by rough surfaces and by objects
buried in a layered media with rough interfaces constitute an important and in-
teresting class of problems in electromagnetic theory due to their applications
in practice. In the investigation of scattering problems related to rough sur-
faces one tries to investigate the affects of rough surfaces on the propagation of
electromagnetic waves. On the other hand scattering from objects buried in a
layered media with rough interfaces is a more complex problem and in most cases
it also involves the analysis of scattering from rough surfaces. The objective of
this thesis is to give a new and efficient method for the solution of both kind of
problems. In the sequel of this chapter we first give a detailed review of available
methods for both cases and then present an introductory explanation of the new
proposed methods.
1.1 Scattering from Rough Surfaces
Electromagnetic scattering problems related to rough surfaces have applications
in modeling of ground wave propagation, remote sensing of geophysical terrains
such as snow, soil and vegetation etc. For example the effect of complex rough
structure of earth surface on the propagation of electromagnetic waves can be
exploited by considering appropriate models and solving the related scattering
problems. According to the frequency of the electromagnetic wave, earth surface
can be modeled as a perfectly conducting rough surface, or it can be consid-
ered as a rough interface between two dielectric media. In both cases efficient
and accurate solutions are necessary for deep understanding of the scattering
phenomena from rough surfaces.
During the past five decades enormous efforts have been devoted in the investi-
gation of scattering from rough surfaces in various areas such as electromagnetic,
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acoustics, optics etc. and several analytical and numerical techniques have been
developed. Most of the developed methods are based on the use of perturbation
theories and physical optic approximations [1, 2]. However they are restricted
in domain of validity. For surfaces with small surface root mean square (rms)
height and slope the small perturbation method is the most commonly used for-
malism in the low frequency region. This method involves a perturbation series
in surface height for scattered field. Then by using either Rayleigh hypothesis or
extended boundary condition the expansion coefficients are obtained recursively.
The small perturbation method is mostly used for scattering from dielectric and
perfectly conducting rough surfaces [3]-[6]. The Kirchhoff approximation which
is nothing but an application of physical optic theory for high frequency region
is used when the surface inhomogeneities relatively have small slope and large
radii of curvature. In this approach the surface fields at a given point are ap-
proximated by those of the local tangent plane [7, 8]. Much works have been
done to conduct the theories which extend the range of validity of the rough sur-
face parameters beyond the conventional Kirchhoff and perturbation theories;
phase perturbation method, unified perturbation method and integral equation
method are the most common ones of these techniques [9]-[15]. In particular, for
1-D surfaces, surface based-integral methods yield extremely efficient solutions
for the backscattered field from rough surfaces [16]. On the other hand, in the
application of such methods it is required to truncate the scattering surface which
causes numerical errors in the solution for the surface fields near the truncation
points and in some circumstances may eliminate important contributions to the
scattered field [17]. In order to reduce end effect errors, a tapered incident field
is frequently used which restricts to use surface based integral methods for the
plane, cylindrical or spherical wave incidences. Different type of approaches has
also been investigated by several researchers [18]-[21]. A very detailed review
of the studies and the validity regions of the conventional methods is given in
[22]-[24].
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1.2 Scattering from Objects Buried Under a Rough Surface
As is mentioned above the investigation of electromagnetic scattering by objects
buried in a layered medium is of importance since they have various applications
in practice in the areas such as detection and location dielectric mines, non-
destructive testing, determination of underground cracks and earthquake zones,
detection of underground tunnels an pipelines etc. Although these applications
are recognized as an “inverse scattering problem” in electromagnetic theory, the
solutions of the related direct scattering problems make a valuable contribution
to overcome difficulties which may occur in the investigation of inversion algo-
rithms. For example, several difficulties arise in the determination of dielectric
mines due to the clutters and low penetration of RF signal into the moist soil.
Most of these difficulties might be simplified with a deep understanding of the
nature of scattering from such buried objects. Although during the last three
decades several exact and numerical techniques have been developed, a large
number of them are related to the layered backgrounds with planar boundaries
[25]-[28]. Whereas in most of the real applications the bodies are buried in lay-
ered media having rough interfaces and the roughness have a strong effect on the
scattering phenomena. For instance, in the case of bodies buried underground the
roughness of the earth surface can potentially modify object scattering returns
from those with a flat surface. For that reason the problem has to be considered
in its actual conditions. In other words one has to take into consideration the
roughness of the interfaces between the layers where the body is located. Such
kind of problems gained considerable attention during the last three decades. In
[29, 30] the scattering from a circular cylinder buried under a sinusoidal interface
is treated by using an integral equation combined with the extended boundary
condition approach. An analytical solution for a buried circular cylinder be-
neath a slightly rough surface is given in [31]. In this study all of the multiple
interactions between the body and the rough surface are accounted for in the
solution by the use of small perturbation approach. Some other approximate
analytical solutions in the small roughness limit are presented in [32, 33]. On the
other hand scattering from three dimensional (3-D) bodies buried under a two-
dimensional (2-D) rough interface are considered a different category from 2-D
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scattering from cylindrical objects. They are more complex, CPU and memory
demanding problems and one can find many publications related to this topic
which we mention only some of them here. Among the numerical studies the most
recent ones are [34]-[37]. In [34, 35] scattering from 3-D objects buried under a
two-dimensional rough interface is presented. The method is similar to one that
is used in the study for the perfectly conducting bodies [37] and is based on an
iterative Method of Moments (MoM) solution. The method is valid for moderate
surface roughness and object sizes compared to the wavelength. A hybrid method
which combines the analytical methods and numerical algorithms is given in [36].
Scattering from multiple 3-D objects buried under a 2-D slightly rough interface
is analyzed by steepest descent fast multi-pole method in [38, 39]. It should be
noted that for 2-D scattering problems from cylindrical objects buried under a
rough surface several methods based on MoM have been developed for the highly
rough surfaces [40]. In [40] a surface integral method based on a generalization of
the extinction theorem to multiple connected domains is presented for the case
of Gaussian beam illumination. We note that surface based integral methods
applied to scattering problems involving rough surfaces require to truncate the
rough surface which causes numerical errors in the solution for the surface fields
near the truncation points and in some circumstances may eliminate important
contributions to the scattered field [17]. In order to reduce end effect errors, a
tapered or localized (Gaussian beam for example as in [40]) field is frequently
used which restricts to use surface based integral methods for
1.3 The Aim of the Work
Although the above mentioned studies have made a valuable contribution to
the subjects described above there is need for alternative approaches capable of
extending the range of validity of available methods and also providing better
computational efficiencies. The main objective of this thesis is to give a new
and efficient method for the solution of the two-classes of problems explained in
Section 1.2 and Section 1.3.
a) The first aim of the thesis is to give a new and efficient method for the solution
of scattering problems related to rough interfaces between two lossy dielectric
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half-spaces in the case of plane wave illumination. For the sake of simplicity we
consider one dimensional locally rough surfaces. In our approach we consider the
irregularities of the rough surface as buried objects in a two half-spaces media
with planar interface which allows us to formulate the problem as a scatter-
ing problem related to cylindrical bodies of arbitrary cross sections. Through
the Green’s function of the two half-spaces medium where the irregularities are
buried, the problem is reduced to the solution of a Fredholm integral equation
of second kind which can be treated by using one of the known techniques. In
this study, we solved the integral equation via an application of Method of Mo-
ments (MoM) by reducing it to a linear system of equations. Modeling the rough
surface in terms of a volumetric domain was considered earlier in 3-D by other
researchers [41, 42]. In those studies the rough interface is assumed to be the
boundary of an infinite layer and then the scattering problem is formulated as
a scattering of electromagnetic waves from this infinite volumetric domain. On
the contrary in the present approach the surface is represented in terms of finite
number of bounded scatterers. The computational cost of the present method is
directly proportional to the number of irregularities of the surface and their sizes.
As a result the method is very effective for surfaces having a localized roughness,
arbitrary rms height and slope. The method permits us to obtain both the near
and far field expressions of the scattered wave in the half-spaces above and below
the surface. We have shown that the results of the method match with those
obtained through the existing ones.
b) Scattering from bodies buried in a half-space with rough interface will also
be considered in this thesis. To this aim it will be considered cylindrical bodies
buried under a one dimensional locally rough interface. The material of the
bodies are assumed to be inhomogeneous, i.e: their dielectric permittivities and
conductivities are the functions of location. Through the Green’s function of the
background medium with rough interface the problem is reduced to the solution
of a Fredholm integral equation of the second kind for the scattered field due to
the bodies, which is solved here by an application of MoM. On the other hand
the determination of the Green’s function constitutes a separate and difficult
problem in the case of two half-spaces medium with rough interface. In the open
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literature not much work has been done in that direction except [43], which is
valid only for the slightly rough surfaces. Whereas the method developed here
for the scattering from rough interfaces can also be used to obtain the required
Green’s function. This can be done by just solving the scattering problem from
rough interface in the case of line source illumination through the buried object
approach (BOA) described above [44, 45]. The computational cost of the Green’s
function is directly proportional to the number of irregularities of the surface
and their sizes. As a result the method is very effective for surfaces having
a localized roughness, arbitrary rms height and slope. Note that the locality
limitation of the surface is to guarantee to have finite number of objects in the
evaluation of the Green’s function. In the surface based integral methods which
gives effective solutions for highly rough surfaces this is done by using tapered
or localized incident waves. The present method permits us to obtain both near
and far field expressions of the scattered wave for buried objects of arbitrary
number and shapes. We compare our results with those given in [31] and it has
been observed that both results match. The maximum level of roughness in the
numerical examples is chosen as comparable to those given in [40] but it can be
higher in general.
The organization of the thesis is as follows: In Section 2 a new method based
on the buried object approach for the scattering of electromagnetic waves from
a locally rough surface is given. In Section 3 the scattering problem related
to cylindrical bodies of arbitrary materials and cross-sections buried beneath
a rough interface is solved using buried object approach. Numerical results are
given in Section 4 and a conclusion is presented in Section 5. A time factor e−iωt
is assumed and omitted throughout the thesis.
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2 SCATTERING OF ELECTROMAGNETIC WAVES FROM A
HALF-SPACE WITH ROUGH SURFACE
In this section we will give a numerical method for the scattering of electromag-
netic waves from rough surfaces separating two lossy dielectric half-spaces. It is
first given a general formulation of the scattering problem and then a new ap-
proach which is called buried object approach is presented. A numerical solution
based on Method of Moments, which is very efficient for calculating near and far
field scattered fields, is derived through the Green’s function of two-part space
medium with planar boundary.
2.1 Formulation of the Scattering Problem
The geometry of the problem illustrated in Figure 2.1. In this configuration the
whole space is separated into two half-spaces by the interface Γ which is defined
by the relation x2 = f(x1) where f(x1) is a single valued function [46]. Γ is
assumed to be locally rough, i.e.: f(x1) differs from the planar surface over a
finite interval whose length is L. Γ can also be a random surface, in that case,
it is represented by the parameters rms height σr, correlation length `c for a
given correlation function. A detailed procedure of the random rough surface
generation is given in [47]. The regions x2 > f(x1) and x2 < f(x1) are assumed
to be filled with non-magnetic simple materials having dielectric permittivities
and conductivities ε1, σ1 and ε2, σ2, respectively.
The scattering problem considered here is to determine the effect of Γ on the
propagation of electromagnetic waves excited in the upper half-space x2 > f(x1),
more precisely to obtain the scattered field from the surface Γ. To this aim
the half-space x2 < f(x1) is illuminated by a time-harmonic plane wave whose
electric field vector is always parallel to the Ox3 axis, namely,
~Ei = (0, 0, ui(x1, x2)) (2.1)
7
ui(x1, x2) = e
−ik1(x1 cosφ0+x2 sinφ0) (2.2)
where φ0 ∈ (0, pi) is the incidence angle while k1 stands for the wave number of
the upper half-space which is defined by the square root of k21 = w
2ε1µ0+iwσ1µ0.
101 ,, σµε
202 ,, σµε
Γ
iu
0φ
x1
x2
0
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L
),( 21 xxx =
Figure 2.1: Geometry of the scattering problem related to rough surface
Since the problem is homogeneous in the Ox3 direction, the total electric field
vector will also be parallel to the Ox3-axis, namely, ~E = (0, 0, u(x)), where
x = (x1, x2) denotes the position vector in IR
2. Thus the problem is reduced to
a scalar one in terms of the total field function u(x) which satisfies the reduced
wave equation
4u+ k2(x)u = 0 (2.3)
in the sense of distribution [48] and under the appropriate radiation condition
for |x| → ∞. In (2.3)
k2(x) =

k21, x2 > f(x1)
k22, x2 < f(x1)
(2.4)
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stands for the square of the wave-number of the two-part space with
k22 = w
2ε2µ0 + iwσ2µ0. The scattering problem is then to obtain the total
electric field u(x), in other words to solve (2.3) for a given k2(x) and Γ.
2.2 Buried Object Representation
In order to solve the scattering problem described in the previous section we first
assume that the whole space is separated into two parts by the plane x2 = 0.
Then the half-spaces x2 > 0 and x2 < 0 contain 2N finite domains bounded
by Γ and x2 = 0 plane as shown in Figure 2.2. The ones in the region x2 > 0
are denoted by D1, D3, ..., D2N−1 and the rest in the x2 < 0 by D2, D4, ..., D2N .
Note that the dielectric permittivities and conductivities of the regions Dn, n =
1, 3, ...2N − 1 and Dn, n = 2, 4, ...2N are ε2, σ2 and ε1, σ1, respectively.
101 ,, σµε
Γ
x1
x2
B1
B2 B4
B5
D1
D2
D3
D4
D5 D7
D6
0
B7
B6
B3
202 ,, σµε
Figure 2.2: Buried object modelling of the rough interface
Then the regions D1, D2, ..., D2N can be considered as buried cylindrical bodies
whose cross-sections with the Ox1x2 plane are B1, B2, ..., B2N , respectively, into
two half-spaces medium with the planar interface at x2 = 0. In other words, with
this approach the scattering problem is reduced to the solution of the problems
connected with the scattering of plane electromagnetic waves from 2N homoge-
9
neous objects buried in a two-part space medium having a planar interface.
In order to formulate the problem more easily consider now the field u0(x) which
would be created by the incident field (2.1) in the case of two-half spaces medium
separated by the plane x2 = 0 (See Figure 2.3).
This field satisfies
4u0 + k2(x2)u0 = 0 (2.5)
where k2(x2) stands for the wave number related to the two-part space in Figure
2.3; namely,
k2(x2) =

k21, x2 > 0
k22, x2 < 0
. (2.6)
x
y
z
101 ,, σµε
202 ,, σµε
x1
x2
0
iu
0φ
χ
Figure 2.3: Geometry for the field u0
The solution of (2.5) is very straightforward and it can be found in any ordinary
textbook and, one has
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u0(x) =

ui(x) +Re
−ik1(x1 cosφ0−x2 sinφ0), x2 > 0
Te−ik2(x1 cosχ+x2 sinχ), x2 < 0
(2.7)
where χ is the transmission angle given by the Snell’s law
k1 cosφ0 = k2 cosχ (2.8)
while R and T are the reflection and transmission coefficients of the plane x2 = 0,
R =
k1 sinφ0 − k2 sinχ
k1 sinφ0 + k2 sinχ
(2.9)
T =
2k1 sinφ0
k1 sinφ0 + k2 sinχ
. (2.10)
Hence, the contribution of the regionsD1, D2, ..., D2N to the total field, say us(x),
consists in the difference
us(x) = u(x)− u0(x) (2.11)
and satisfies the reduced wave equation
4us(x) + k2(x2)us(x) = −k2(x2)υR(x)u(x) (2.12)
in the sense of distribution under the radiation condition for |x| → ∞. Here,
the function υR(x) is the well-known object function related to the regions
D1, D2, ..., D2N and is given by the relation
υR(x) =

υ1 =
ε2
ε1
− 1, x ∈ D1, D3, ..., D2N−1
υ2 =
ε1
ε2
− 1, x ∈ D2, D4, ..., D2N
0, otherwise.
(2.13)
Note that the support of the function υR(x) is the union of the regionsB1, B2, ..., B2N .
Consider now the Green’s function G0(x;y) of the two-part space with planar
interface at x2 = 0. It permits us to convert the differential equation (2.12)
11
into the following Fredholm integral equation of the second kind which is a more
advantageous representation for our purposes:
us(x) = k
2
1υ1
N∑
n=1
∫
B2n−1
G0(x;y)(u0(y) + us(y))dy
+k22υ2
N∑
n=1
∫
B2n
G0(x;y)(u0(y) + us(y))dy. (2.14)
In Section 2.4 a method based on the MoM will be given to solve us(x) from
(2.14). Before going further, it will be convenient to give an explicit expression
of the Green’s function G0(x;y).
2.3 Green’s Function of the Two-Part Space with Planar Interface
By definition the Green’s function G0(x;y) satisfies the equation
4G0(x;y) + k2(x2)G0(x;y) = −δ(x− y) (2.15)
in the sense of distributions under the radiation condition. In this equation
y ∈ IR2 is an arbitrary point and δ is the Dirac’s delta distribution.
In order to find a suitable expression of G0, consider first its Fourier transform
with respect to x1, namely,
Gˆ0(ν, x2, ;y) =
∫ ∞
−∞
G0(x;y)e
−iνx1dx1. (2.16)
Then the transformations of (2.15) and the boundary conditions at x2 = 0 yield
the following problem for Gˆ0
d2Gˆ0
dx22
− (ν2 − k2j )Gˆ0 = −e−iνy1δ(x2 − y2), j = 1, 2, ν ∈ CR (2.17)
Gˆ0 and
∂Gˆ0
∂x2
are continuous on x2 = 0 (2.18)
|Gˆ0| → 0 as |x| → ∞. (2.19)
Here CR stands for a horizontal straight line in the regularity strip of Gˆ0 in the
complex ν-plane (see Figure 2.4)[49].
After some straightforward calculations and through the well-known inverse
transform integral
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G0(x;y) =
1
2pi
∫
CR
Gˆ0(ν, x2;y)e
iνx1dν , (2.20)
one can get an explicit expression of G0(x;y) as follows:
G0(x;y) =

i
4
H
(1)
0 (k1|x− y|) +G(1)0R(x;y); x2 > 0, y2 > 0
G
(1)
0T (x;y); x2 < 0, y2 > 0
G
(2)
0T (x;y); x2 > 0, y2 < 0
i
4
H
(1)
0 (k2|x− y|) +G(2)0R(x;y); x2 < 0, y2 < 0
(2.21)
O
CR
-k2
-k1
k1
k2
νIm
νRe
Figure 2.4: Regularity line of Gˆ0 in the complex ν-plane.
where
G
(1)
0R(x;y) =
1
2pi
∫
CR
1
2γ1
γ1 − γ2
γ1 + γ2
e−γ1(x2+y2)eiν(x1−y1)dν (2.22)
G
(1)
0T (x; y) =
1
2pi
∫
CR
1
2γ1
2γ1
γ1 + γ2
e−γ1y2+γ2x2eiν(x1−y1)dν (2.23)
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G
(2)
0T (x;y) =
1
2pi
∫
CR
1
2γ2
2γ2
γ1 + γ2
eγ2y2−γ1x2eiν(x1−y1)dν (2.24)
G
(2)
0R(x;y) =
1
2pi
∫
CR
1
2γ2
γ2 − γ1
γ1 + γ2
eγ2(x2+y2)eiν(x1−y1)dν (2.25)
while H
(1)
0 denotes zero order Hankel function of the first kind. In (2.22-2.25)
the functions γ1 and γ2 stand for the square roots
γ1(ν) =
√
ν2 − k21 , γ2(ν) =
√
ν2 − k22 (2.26)
which are defined in the complex ν-plane cut as shown in Figure 2.4 with the
conditions [49]
γj(0) = −ikj , j = 1, 2. (2.27)
From (2.22-2.25) and (2.21) we can easily see that G0 is symmetrical, i.e:
G0(x,y) = G0(y,x) and has the property
G0(x,y) = G˜0(|x1 − y1|, x2, y2), x,y ∈ IR2. (2.28)
2.4 A Numerical Solution for the Integral Equation
In the sequel we will describe a method which is an application of MoM to solve
us(x) from (2.14) [50]. To this aim we first write (2.14) in an abbreviated form
(I − A)us(x) = u¯(x), x ∈ IR2 (2.29)
where A is the linear operator defined by
Aus(x) =
N∑
n=1
[k21υ1
∫
B2n−1
G0(x;y)us(y)dy + k
2
2υ2
∫
B2n
G0(x;y)us(y)dy] (2.30)
while u¯(x) is the known function
u¯(x) =
N∑
n=1
[k21υ1
∫
B2n−1
G0(x;y)u0(y)dy + k
2
2υ2
∫
B2n
G0(x;y)u0(y)dy]. (2.31)
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Consider now the n’th region Bn and divide it into Mn small cells which allows
one to write ∫
Bn
G0(x;y)us(y)dy =
Mi∑
m=1
∫
Snm
G0(x;y)us(y)dy, (2.32)
where Snm denotes m’th cell of the region Bn. If Snm is small enough one can
make the approximation us(y) ' us(ynm) for the scattered field inside the related
cell, where ynm = (ynm1 , y
nm
2 ) stands for the center point of the cell Snm. Then
one can write
∫
Bn
G0(x;y)us(y)dy '
Mn∑
m=1
us(y
nm)Cnm(x), (2.33)
here we put
Cnm(x) =
∫
Snm
G0(x;y)dy. (2.34)
When the geometry of Snm is given one can calculate the coefficients Cnm(x)
through (2.21) and (2.34). For a rectangular cell with side lengths 2∆y1× 2∆y2,
Cnm(x) will be
Cnm(x) =

Cnm0 (x) + C
nm
1 (x); x2 > 0, y
nm
2 > 0
Cnm2 (x); x2 < 0, y
nm
2 > 0
Cnm3 (x); x2 > 0, y
nm
2 < 0
Cnm4 (x) + C
nm
5 (x); x2 < 0, y
nm
2 < 0
(2.35)
where
Cnm0 (x) =

i
2k21
[pik1aH
(1)
1 (k1a) + 2i], n = m
ipia
2k1
J1(k1a)H
(1)
0 (k1|x− ynm|) , n 6= m
(2.36)
Cnm1 (x) =
2
pi
∫
CR
1
2γ1
γ1 − γ2
γ1 + γ2
sinh(γ1∆y2)
γ1
sin(ν∆y1)
ν
e−γ1(x2+y
nm
2 )eiν(x1−y
nm
1 )dν
(2.37)
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Cnm2 (x) =
2
pi
∫
CR
1
γ1 + γ2
sinh(γ1∆y2)
γ1
sin(ν∆y1)
ν
e−γ1y
nm
2 eγ2x2eiν(x1−y
nm
1 )dν (2.38)
Cnm3 (x) =
2
pi
∫
CR
1
γ1 + γ2
sinh(γ2∆y2)
γ2
sin(ν∆y1)
ν
eγ2y
nm
2 e−γ1x2eiν(x1−y
nm
1 )dν (2.39)
Cnm4 (x) =
2
pi
∫
CR
1
2γ2
γ2 − γ1
γ1 + γ2
sinh(γ2∆y2)
γ2
sin(ν∆y1)
ν
eγ2(x2+y
nm
2 )eiν(x1−y
nm
1 )dν
(2.40)
Cnm5 (x) =

i
2k22
[pik2aH
(1)
1 (k2a) + 2i], n = m
ipia
2k2
J1(k2a)H
(1)
0 (k2|x− ynm|) , n 6= m
(2.41)
In (2.36) and (2.41) “a” denotes the radii of the circular cell whose area is
equivalent to the rectangular cell 2∆y1 × 2∆y2 [51].
Substituting (2.33) into (2.29) and writing the resulting expression for x = ypq,
p = 1, 2, ..., 2N , q = 1, 2, ...,Mn one gets a linear system of equations for the field
values of us(y
pq). Note that in such a case the operator A is reduced to a square
matrix with dimensions (M1 +M2 + ..+M2N)× (M1 +M2 + ..+M2N) and the
number of unknowns in the linear system is (M1 +M2 + ..+M2N).
2.5 Near and Far Field Expressions of Scattered Wave
Since the field us(x), consequently the total field u(x), is now known at inner
points of each cell Snm, one can calculate the scattered field at any point x ∈ IR2
through the relation
us(x) =
N∑
n=1
[k21υ1
M2n−1∑
m=1
u(ynm)Cnm(x) + k22υ2
M2n∑
n=1
u(ynm)Cnm(x)]. (2.42)
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On the other hand the scattered far field at large distances from the surface in
the upper half-space is described through the far field scattering amplitude A(xˆ)
defined by the asymptotic behavior
us(x) =
eik1|x|√
|x|
(A(xˆ) +O(
1
|x|)), |x| → ∞, x2 > 0 (2.43)
in the observation direction xˆ = x|x| = (cosφ, sinφ), φ ∈ (0, pi). This can be
done by using the asymptotic behavior of G0(x;y) for |x| → ∞, x2 > 0, i.e.:
G
(2)
0T (x;y) and H
(1)
0 (k1|x−y|) +G(1)0R(x;y) . We first consider G(2)0T (x;y) given in
(2.24) and make the following substitutions
x1 = |x| cosφ, x2 = |x| sinφ, φ ∈ (0, pi) (2.44)
ν = k2 cosα, γ2 = −ik2 sinα, α ∈ C∗ (2.45)
where C∗ is the line illustrated in Figure 2.5. After some simple straightforward
computations we get
pi
αIm
0
C*
αRe
Figure 2.5: Mapping of CR in the complex α-plane.
G
(2)
0T (|x|, φ;y) =
−ik2
2pi
∫
C∗
ξ(α)e|x|η(α)dα (2.46)
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where
η(α) = i(
√
k21 − k22 cos2 α sinφ+ k2 cosα cosφ) (2.47)
ξ(α) =
sinα√
k21 − k22 cos2 α + k2 sinα
e−ik2(y1 cosα+y2 sinα). (2.48)
The integral in (2.46) is now in the standard form susceptible to be evaluated
for large values of |x| asymptotically by the classical saddle-point technique [49].
Indeed the saddle-point occurs at
cosαs =
k1
k2
cosφ Reαs ∈ (0, pi). (2.49)
Then following the known procedure for the saddle-point technique we obtain
lim
|x|→∞
G
(2)
0T (|x|, φ;y) '
eik1|x|
|x|
ei
pi
4√
2pik1
T1(φ)e
−i(k1y1 cosφ+y2
√
k22−k21 cos2 φ) +O(
1
|x|3/2 )
(2.50)
with
T1(φ) =
2k1 sinφ
k1 sinφ+
√
k22 − k21 cos2 φ
. (2.51)
By using the same procedure for G
(1)
0R and using the asymptotic expression of
H
(1)
0 one can obtain the asymptotic behavior of H
(1)
0 (k1|x − y|) + G(1)0R(x;y) as
follows:
lim
|x|→∞
[H
(1)
0 (k1|x− y|) +G(1)0R(x;y)] '
eik1|x|
|x|
ei
pi
4√
2pik1
[e−ik1y1 cosφ+y2 sinφ)
+R1(φ)e
−ik1(y1 cosφ−y2 sinφ)] +O(
1
|x|3/2 (2.52)
where
R1(φ) =
k1 sinφ−
√
k22 − k21 cos2 φ
k1 sinφ+
√
k22 − k21 cos2 φ
. (2.53)
Then by using (2.42), (2.50) and (2.52) one can easily set the far field scattering
amplitude A(xˆ) as
18
A(xˆ) =
eipi/4
2
√
2pik1
N∑
n=1
[k21υ1
M2n−1∑
m=1
u(ynm)fnm(φ) + k
2
2υ2
M2n∑
m=1
u(ynm)gnm(φ)] (2.54)
where
fnm(φ) =
∫
Snm
[e−ik1(y1 cosφ+y2 sinφ) +R1(φ)e−ik1(y1 cosφ−y2 sinφ)]dy, y2 > 0 (2.55)
gnm(φ) =
∫
Snm
T1(φ)e
−i(k1y1 cosφ+y2
√
k22−k21 cos2 φ)dy, y2 < 0. (2.56)
The scattering cross-section per unit length, i.e., the echo width, defined as
σ2D(xˆ) := 2pi lim|x|→∞
|x| |u
s(x)|2
|ui(x)|2 , (2.57)
that is,
σ2D(xˆ) := 2pi|A(xˆ)|2
is of particular interest in the scattering problems.
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3 SCATTERING OF ELECTROMAGNETICWAVES BY BODIES
BURIED IN A HALF-SPACE WITH ROUGH SURFACE
In the previous section we presented an efficient and accurate method for the
solution of scattering problems related to rough interfaces between two dielectric
lossy half-spaces. Such a method can also be extended to solve the electromag-
netic scattering problems from object in a layered media with rough interface.
In the following a new method, which is based on the buried object approach, is
presented.
3.1 Formulation of the Scattering Problem
Consider the two-dimensional scattering problem illustrated in Figure 3.1. In this
configuration the space is separated into two-half spaces by a rough interface Γ
which is same as described in Section 2.1. In the lower half-space x2 < f(x1)
an infinitely long cylindrical body D having a cross-section B with the Ox1x2
plane is located parallel to the Ox3-axis. D can also be composed of several
disjoint parts. The material of the body is inhomogeneous and its dielectric per-
mittivity and conductivity are functions of location, namely, ε = ε(x), σ = σ(x)
respectively, where x = (x1, x2) is the position vector in IR
2. The scattering
problem considered here is to determine the effect of the body D as well as the
roughness of the surface Γ on the propagation of electromagnetic waves excited
in the upper half-space x2 > f(x1). To this end the body is illuminated by a
time-harmonic plane wave given in (2.1)
Because of the homogeneity of the problem in the Ox3 direction and since we
are considering cylindrical objects, the total electric field vector u˜(x) will also
be parallel to the Ox3-axis i.e.: ~E(x) = (0, 0, u˜(x)). Then the problem is re-
duced to a scalar one in terms of the total field function u˜(x) which satisfies
the reduced wave equation
20
∆u˜+ k¯2(x)u˜ = 0 (3.1)
in the sense of distributions [48], where k¯(x) denotes the wave-number of the
whole space.
101 ,, σµε
202 ,, σµε
0     
)(),(
µ
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Figure 3.1: Geometry of the scattering problem related to buried object
Consider first the total field in the whole space for the same incident field (2.1)
in the absence of body D. In such a case, the total field is nothing but the field
due to the rough interface and its explicit expression u(x) = u0(x) + us(x) is
derived in the previous section where u0(x) and us(x) are given by (2.7) and
(2.14). Then the contribution of the body D to the total field, i.e.: scattered
field u˜s(x), consists in the difference u˜s(x) = u˜(x)− u(x), and satisfies
∆u˜s + k
2(x)u˜s = −k22υ(x)u˜ (3.2)
under the Sommerfeld radiation condition. Here υ(x) stands for the object func-
tion related to body D, namely,
υ(x) =
ε(x) + iσ(x)
ω
ε′(x) + iσ
′(x)
ω
− 1 (3.3)
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where
ε′(x) =
 ε1, x2 > f(x1)ε2, x2 < f(x1) (3.4)
and
σ′(x) =
 σ1, x2 > f(x1)σ2, x2 < f(x1) . (3.5)
From (3.3) one can easily conclude that the function υ(x) is identically zero
outside the region B.
Let G¯(x;y) be the Green’s function of the two-part space with rough interface Γ
(see Figure 2.2). Then one can convert (3.2) into a Fredholm integral equation
of second kind for the scattered field u˜s(x), namely,
u˜s(x) = k
2
2
∫
B
G¯(x;y)υ(y)(u(y) + u˜s(y))dy. (3.6)
When G¯(x;y) is known, (3.6) can be solved through a method based on MoM
[27, 50, 51]. Note that in [27] such a method is applied for the bodies buried in
a half-space with planar boundary.
Assume now that G¯(x;y) and u(y) are given. Then one can solve u˜(x) at inner
points of the object by first dividing the region B into P cells Sp, p = 1, 2, .., P .
This yields
u˜(x) = u(x) + k22
P∑
p=1
∫
Sp
G¯(x;y)υ(y)u˜(y)dy. (3.7)
When the sizes of the cells are chosen sufficiently small such that both u˜ and υ
may be assumed to be constant over a given cell, (3.7) can be converted into a
system of linear equations of the form
(I −Q)u˜ = u (3.8)
where I is the unit matrix while Q is a P × P square matrix with elements
Qqp = k
2
2υp
∫
Sp
G¯(xq;y)dy. (3.9)
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In (3.8) u˜ and u are vectors with elements u˜p = u˜(xp) and up = u(xp),
p = 1, 2, .., P , respectively, where xp denotes the center point of the p’th cell,
while υp in (3.9) is the value of the object function at the same point.
Then by taking the discrete form of (3.6) into account one can write the scattered
field at any point in the space as
u˜s(x) = k
2
2
P∑
p=1
υpu˜p
∫
Sp
G¯(x;y)dy. (3.10)
The integral of G¯(x;y) appearing in (3.9) and (3.10) can be calculated by using
one of the numerical integral techniques. Notice that (3.10) can also be used to
calculate asymptotic expression of the scattered field for |x| → ∞ through the
asymptotic behavior of G¯(x;y) which will be given in the Section 3.3. Before
going more further it will be convenient to give an expression of the Green’s
function G¯(x;y).
3.2 Green’s Function of Two Half-Space Medium with Rough
Interface
By definition the Green’s function G¯(x;y) of the two-half spaces medium with
rough interface Γ is the solution of the problem
∆G¯(x;y) + k2(x)G¯(x;y) = −δ(x− y) (3.11)
G¯ and
∂G¯
∂n
are continuous on Γ (3.12)
with the appropriate radiation condition as |x| → ∞. It is obvious that G¯(x;y)
is nothing but the total field at the point x ∈ IR2 due to a line source with
normalized strength 1
iωµ0
located at y ∈ IR2. In other words, to obtain G¯ one
has to solve the scattering problem related to the rough surface Γ for the case of
line source illumination, which is treated here in the following way:
By using the buried object approach, which is presented in Section 2.2, the scatter-
ing problem described above is reduced to the solution of scattering of cylindrical
electromagnetic waves from 2N buried homogeneous objects in a two-part space
having a planar interface (see Figure 2.2).
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In order to formulate the problem more easily consider now the Green’s func-
tion G0(x;y) of two-half spaces medium separated by the plane x2 = 0 whose
explicit expression is given in Section 2.3. Hence, the contribution of the regions
D1, D2, ..., D2N to G¯(x;y) , say Gs(x;y), consists in the difference
Gs(x;y) = G¯(x;y)−G0(x;y) (3.13)
and satisfies the reduced wave equation
4Gs(x;y) + k2(x2)Gs(x;y) = −k2(x2)υR(x)G¯(x;y) (3.14)
in the sense of distribution under the radiation condition for |x| → ∞. Here, the
function υR(x) is the object function related to the regions D1, D2, ..., D2N and
is given by the relation (2.13).
The Green’s function G0(x;y) of the two-part space with planar interface permits
us to convert the differential equation (3.14) into the following Fredholm integral
equation of the second kind:
Gs(x;y) = k
2
1υ1
N∑
n=1
∫
B2n−1
G0(x; z)(G0(z;y) +Gs(z;y))dz
+k22υ2
N∑
n=1
∫
B2n
G0(x; z)(G0(z;y) +Gs(z;y))dz. (3.15)
In the sequel we will describe a method which is an application of MoM to solve
Gs(x;y) from (3.15) [50, 51]. To this aim we first write (3.15) in an abbreviated
form
(I −K)Gs(x;y) = g(x;y), x,y ∈ IR2 (3.16)
where K is the linear operator defined by
KGs(x;y) =
N∑
n=1
[k21v1
∫
B2n−1
G0(x; z)Gs(z;y)dz+ k
2
2v2
∫
B2n
G0(x; z)Gs(z;y)dz]
(3.17)
while g(x;y) is the known function
g(x;y) =
N∑
n=1
[k21v1
∫
B2n−1
G0(x; z)G0(z;y)dz+ k
2
2v2
∫
B2n
G0(x; z)G0(z;y)dz].
(3.18)
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Consider now the n’th region Bn and divide it into Mn small cells which allows
one to write
∫
Bn
G0(x; z)Gs(z;y)dz =
Mn∑
m=1
∫
Snm
G0(x; z)Gs(z;y)dz (3.19)
where Snm denotes m’th cell of the region Bn. If Snm is small enough one can
make the approximation Gs(z;y) ' Gs(znm;y) for the scattered field inside the
related cell, where znm = (znm1 , z
nm
2 ) stands for the center point of the cell Snm.
Then one has
∫
Bn
G0(x; z)Gs(z;y)dz '
Mn∑
m=1
Gs(z
nm;y)Cnm(x) (3.20)
where Cnm(x) is given by (2.34).
Following the same analysis to solve (3.15), (3.16) can be reduced to a linear
system of equations for the field values of Gs(z
pq;y). Note that in such a case
the operator K is reduced to a square matrix with dimensions (M1 +M2 + ..+
M2N)× (M1+M2+ ..+M2N) and the number of unknowns in the linear system
is (M1 +M2 + ..+M2N).
Since the field Gs(z;y), consequently the Green’s function G¯(z;y), is now known
at inner points of each cell Snm, one can calculate Gs(x;y) for any x,y ∈ IR2
through the relation
Gs(x;y) =
N∑
n=1
[k21v1
M2n−1∑
m=1
G¯(znm;y)Cnm(x) + k22v2
M2n∑
n=1
G¯(znm;y)Cnm(x)] (3.21)
which yields G¯(x;y) for any x, y ∈ R2 by taking (3.13) into consideration.
3.3 Far Field Expression of the Scattered Wave
Through the asymptotic behavior of G¯(x;y) and (3.6) one can calculate the far
field scattering amplitude of the scattered field u˜s(x). On the other hand the far
field behavior of the Green’s function G¯(x;y) for |x| → ∞ in the region x2 > 0
is described through the far field scattering amplitude Aφ(xˆ;y) defined by the
asymptotic behavior
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G¯(x;y) =
eik1|x|√
|x|
(Aφ(xˆ;y) +O(
1
|x|)), |x| → ∞, x2 > 0 (3.22)
in the observation direction xˆ = x|x| = (cosφ, sinφ), φ ∈ (0, pi). This requires
to have the asymptotic expressions of both G0(x;y) which given in Section 2.5
and Gs(x;y) for |x| → ∞, x2 > 0. The asymptotic behavior of Gs(x;y) can be
obtained from (3.21) by using (2.50) and (2.52). Then one has
Aφ(xˆ;y) =
eipi/4
2
√
2pik1
N∑
n=1
[k21v1
M2n−1∑
m=1
G¯(znm;y)Ψnm(φ)
+k22v2
M2n∑
m=1
G¯(znm;y)Θnm(φ)]
+
ei
pi
4√
2pik1
T1(φ)e
−i(k1y1 cosφ+y2
√
k22−k21 cos2 φ) (3.23)
where
Ψnm(φ) =
∫
Snm
[e−i(k1z1 cosφ+z2 sinφ) +R1(φ)e−ik1(z1 cosφ−z2 sinφ)]dz, z2 > 0 (3.24)
Θnm(φ) =
∫
Snm
T1(φ)e
−ik1(z1 cosφ+z2
√
k22−k21 cos2 φ)dz, z2 < 0. (3.25)
One can now write the far field scattering amplitude u˜s(x), say A˜(φ) through
(3.6) and (3.23), namely
A˜(φ) = k22
P∑
p=1
υpu˜p
∫
Sp
Aφ(xˆ;y)dy (3.26)
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4 NUMERICAL IMPLEMENTATION
In this section we give some numerical results which demonstrate the accuracy,
effectiveness and validation limits of the proposed method for both cases. Along
this line the effects of some parameters such as rms height and correlation length
of the surface, incidence direction, electromagnetic properties of the lower half-
space as well as physical and geometrical properties of the objects are examined.
The spectral integrals appearing in the right hand side of (2.22) to (2.25) and
(2.36) to (2.41) are calculated through the FFT algorithm. It is worth to note
that although these functions have a quite cumbersome appearance, their sam-
ples can be still calculated in a fast and efficient way by means of FFT codes.
The accuracy of the FFT calculations was also shown by evaluating the inte-
grals in (2.22) to (2.25) and (2.36) to (2.41) through the conventional numerical
integration methods. In all examples the upper half-space is assumed to be air.
4.1 Numerical Results for Scattering from Rough Surface
We first present the results which are obtained through the method given in
Section 2 for the scattering from rough surfaces.
The first two examples are devoted to the validation of the proposed method. To
this aim we first consider a surface having a trigonometric variation
x2 = −0.02λcos(2pix1) in the interval x1 ∈ (−20λ, 20λ), i.e.: roughness length is
L = 40λ, where λ is the free-space wavelength. We compare the results of both
analytical solution given in [52] and of the proposed method here, for the case
of φ0 = pi/3. In the evaluation of the method the sizes of the cells are chosen as
λ
15
× λ
150
. The lower half-space is assumed to be dry soil with parameters ε2 = 3.6ε0
and σ2 = 10
−5(S/m). Figure 4.1 shows the variations of the amplitudes of the
scattered field on a certain line x2 = 2λ in the upper half-space with respect to x1
obtained through both methods. Both method’s results are agree with each other.
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Figure 4.1: Variation of |us| versus x1/λ on the plane x2 = 2λ for a sinusoidal
rough surface.
In Figure 4.2 the average coherent scattering cross-sections of the present method
is compared with the small-perturbation method for a random surface with rms
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small perturbation method
Figure 4.2: Comparison of the average cohorent scattering cross-sections of the
buried object approach and the small perturbation method after 150 realizations
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height 0.01λ, correlation length 0.3λ and L = 8λ over dry soil. The averages are
calculated after 150 realizations and the incidence direction is φ0 = pi/3. As can
be observed from the figures the results of the present method match with those
of the existing methods in the near and far field region.
In Figure 4.3 the scattering widths corresponding different Gaussian correlated
random surfaces having rms heights and correlation lengths σr = 0.05λ, `c =
0.15λ; σr = 0.5λ, `c = 0.15λ and σr = 0.5λ, `c = 0.5λ, respectively, are demon-
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Figure 4.3: SW(σ2D) versus observation angle φ for the surfaces having different
rms heights and correlation lengths.
strated. The incidence direction is φ0 = pi/3. Obviously, these parameters have
a strong effect on scattered wave in the far field region.
As a subsequent example we consider a smoothly varying surface having function
f(x1) =

0.72x1 cos (0.5pix1)e
x1
3 (1 + 0.2x1), x1 ∈ (−5λ, 0);
0.66x1 cos (0.5pix1)e
−8x1
15 , x1 ∈ (0, 5λ);
0, otherwise.
with roughness length L = 10λ separating air and dry soil. The surface is
represented by 6 regions whose three of them are located in the air. These regions
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are divided into square cells with dimensions λ
10
× λ
10
. Then total number of cells
created is 190 which yields a linear system of equations with 190 unknowns.
Figure 4.4 shows the variation of the amplitude of the total electric field on
a rectangular domain 12λ × 6λ which contains the surface as well in the case
of normal incidence φ0 = pi/2. Note that such a surface is highly rough and
creates regions comparable to the wavelength which means that we examine the
scattering phenomena in the resonance region.
Figure 4.4: Variation of the amplitude of the total field for a smoothly varying
air-dry soil interface.
Figure 4.5 illustrates the variation of the amplitude of the total field on the
rectangular region with side lengths 6λ × 5λ for a random surface with rms
height σr = 0.3λ, correlation length `c = 0.2λ for a Gaussian distribution and
L = 4λ [47].
The results are given in the case of normal incidence to the air-dry soil interface
with the same parameters in the previous example. Since the surface has a rapid
variation the cell sizes are chosen as λ
32
× λ
20
. In this case the total cell number is
690. By comparing both results given in Figure 4.4 and Figure 4.5 one can easily
observe the strong effect of the roughness on propagation of electromagnetic field.
Obviously, the contribution of the rapidly varying surface in Figure 4.5 to the
total field is more stronger.
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Figure 4.5: Variation of the amplitude of the total field for a random air-dry soil
interface with σr = 0.3λ, `c = 0.2λ, L = 4λ.
In order to see the effect of the material properties of the lower half-space we
consider two different materials, namely dry and wet soil with electromagnetic
parameters ε2 = 3.6ε0, σ2 = 10
−5(S/m) and ε2 = 30ε0, σ2 = 0.02(S/m), respec-
tively. In both cases the surface is a random one with parameters σr = 0.2λ,
`c = 0.2λ and L = 4λ. The number of cells is 646 with cell sizes
λ
32
× λ
24
while
the incidence direction is φ0 = pi/2. The amplitudes of the total field on a rec-
tangular region 6λ× 3λ for the cases of dry and wet soil backgrounds are given
in Figure 4.6 and Figure 4.7, respectively. Comparison of the results given in
Figure 4.6 and Figure 4.7 clearly shows that the total field in the lower half-space
for the medium with higher conductivity tends to zero, as expected, while the
scattering effect is more strong in upper half-space.
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Figure 4.6: Variation of the amplitude of the total field for a random air-dry soil
interface with σr = 0.2λ, `c = 0.2λ, L = 4λ.
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Figure 4.7: Variation of the amplitude of the total field for a random air-wet soil
interface with σr = 0.2λ, `c = 0.2λ, L = 4λ.
In Figure 4.8 and Figure 4.9 we present the variations of the amplitudes of the
total field for two different incidence directions φ0 = pi/2 and φ0 = pi/4 for the
case of random air-mica interface with parameters σr = 0.2λ, `c = 0.7λ and
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L = 6λ. The chosen number of cells is 546 and sizes of cells are λ
21
× λ
28
. Note
that the electromagnetic parameters of mica are ε = 5.4ε0 and σ = 10
−15(S/m).
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Figure 4.8: Variation of the amplitude of the total field for a random air-mica
interface with σr = 0.2λ, `c = 0.6λ, L = 7λ and φ0 = pi/2.
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Figure 4.9: Variation of the amplitude of the total field for a random air-mica
interface with σr = 0.2λ, `c = 0.6λ, L = 7λ and φ0 = pi/4.
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In the last example we consider a random surface with parameters σr = 0.4λ, `c =
0.5λ and L = 10λ separating air and sea (ε = 72ε0, σ = 4(S/m)). The variation
of the total field on a certain domain is illustrated in Figure 4.10 for the incidence
angle φ0 = pi/4. As can easily be observed that the total field vanishes in the
half-space x2 < 0 although there are regions filled by air below the plane x2 = 0.
Whereas in those regions the field should not vanish. So the results are inaccu-
rate. This is due to the fact that the field u0(x) vanishes in the region x2 < 0
Figure 4.10: Variation of the amplitude of the total field for a random air-sea
interface with σr = 0.4λ, `c = 0.5λ, L = 10λ.
when the lower half-space is a highly conducting medium. Then one can easily
conclude that the integrals over the regions B2, ...B2n in the right hand-side of
(2.31) tends to zero. This means that there is no interaction between the incident
field and the bodies D2, ...D2n which is actually not true. It has been observed
that the method is not valid for highly conductive background medium having a
conductivity σ2 > 10
−2(S/m).
In order to give an idea about the computational cost of the present method com-
pared to the available surface based-integral methods we consider two surfaces
of same rms height σr = 0.3λ, roughness length L = 8.5λ and having different
correlation lengths `c = 0.5λ and `c = 0.05λ. For the surface with correlation
length 0.5λ the number of unknowns in the present method is 615 for a chosen
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cell size λ
15
× λ
15
while the surface based integral methods yield minimum 166
unknowns for a chosen line segment size λ
15
. On the other hand when the sur-
face has a correlation length 0.05λ, that is a rapidly varying one, the number of
unknowns becomes 439 for buried object approach and 503 for surface integral
methods for the same cell and segment sizes given above. From these examples
and other numerical implementations we observe that the buried object approach
is slower than surface integral approaches when the surface has a slowly varying
profile. On the other hand for rapidly varying surface profiles the computational
cost of the present method is comparable to those of the surface based integral
methods. Although it is not within the scope of this study, the computational
cost can be reduced by using fast algorithms such as fast multilevel techniques
adopted to MoM [53].
It should be noted that for fine scale surfaces one has to divide the surface into
very small regions which causes instabilities in the solution. Similar problems
has been observed in the FDTD analysis of the rough surface scattering.
4.2 Numerical Results for Scattering from Objects Buried under a
Rough Surface
Here some illustrative numerical results are given for the scattering of electro-
magnetic waves from bodies buried under a rough surface, which are obtained
via the method given in Section 3.
The first example is devoted to the validation of the proposed method. To this
end we consider a dielectric circular cylinder buried beneath a sinusoidal slightly
rough surface. The parameters of this example are chosen as exactly the same
with those given in [31]; i.e. f(x) = 0.0064λcos( 2pi
0.4λ
x), ε1 = ε0, ε2 = 4ε0, σ2 =
2.22.10−5(S/m), ε = 2.25ε0, where λ is the free space wavelength. The cylinder
has a radii 0.16λ and its center is located at (0, 1.3λ). It is illuminated by a
plane wave with incidence direction φ0 =
pi
3
and frequency f = 400MHz. The
scattering widths for the cases of the flat and sinusoidal interfaces are shown in
Figure 4.11. The results of this example match completely those given in [31].
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Figure 4.11: Comparison of the scattering widths due to a circular cylinder buried
under a flat and sinusoidal rough interfaces.
Scattering widths corresponding for three cylinders having circular, rectangular
and elliptical cross sections and buried in dry soil (ε2 = 3.6ε0, σ2 = 10
−5(S/m))
under a Gaussian correlated random surface with rms height σr = 0.4λ, correla-
tion length `c = 0.3λ and roughness length L = 6λ are demonstrated in Figure
4.12. In the numerical implementation of the method both surface and the bodies
are divided into rectangular cells with cell sizes λ
20
× λ
20
. One can see the strong
effects of the geometrical parameters of the objects on scattered wave in the far
field region. In this example the bodies are illuminated by a normally incident
wave.
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Figure 4.12: Scattering widths values corresponding three different object con-
figurations buried under a random surface with σr = 0.4λ, `c = 0.3λ and L = 6λ.
In order to see the effect of the roughness level on the scattered field from buried
bodies, we consider a circular cylinder buried the beneath a rough surface whose
variation is given by f(x1) = he
−x
3
− |x|
3
|x|
5 cos(3pix1
2λ
) between x1 = −3λ and x1 = 3λ
while f(x1) = 0 outside this interval. Where h is the parameter which deter-
mines the roughness level. All the parameters except the surface roughness are
chosen as the same in the first example illustrated in Figure 4.11. Figure 4.13
demonstrates the scattering widths for three different values of h. One can ob-
viously see that the level of roughness has a strong effect on the scattered field
from buried objects.
In Figure 4.14 the scattering widths corresponding three different conductivi-
ties in the case of a circular cylinder whose dielectric permittivity is ε = 2.25ε0
are plotted. The cylinder is buried in a material having electromagnetic pa-
rameters ε2 = 4ε0 and σ2 = 2.22.10
−5(S/m). The surface has a roughness of
f(x1) = 0.3λe
−x
3
− |x|
3
|x|
5 cos(3pix1
2λ
) in the interval (−3λ, 3λ) like in preceding ex-
ample. As is expected that the conductivity affects scattered field in a strong
way.
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Figure 4.13: Scattering widths corresponding to buried circular cylinder in the
existence of three different levels of the roughness.
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Figure 4.14: Scattering widths corresponding three different conductivities of the
buried object.
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In Figure 4.15 the effect of the incidence angle of the plane wave on the scattering
width is depicted for the same problem as in the previous one.
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Figure 4.15: Scattering widths corresponding three different incidence angles of
the plane wave.
To see the effect of roughness to the total field we compare the total fields due to
a cylindrical body composed of two concentric circular cylinders buried in a dry
soil with flat and rough interface. The electromagnetic parameters of the inner
and outer regions of the body are chosen as ε = 16ε0, σ = 2.13(S/m) and ε = 9ε0,
σ = 0, respectively. Two-dimensional variation of the amplitude of the total field
in a rectangular region in the case of flat interface for the normal incidence is
illustrated in Figure 4.16a, while Figure 4.16b shows the amplitude of the total
field for random rough interface with a roughness σr = 0.3λ, `c = 0.4λ and
L = 5λ. In the numerical simulations the object is divided into 612 rectangular
cells with sizes λ
20
× λ
20
. The same cell sizes are also used in buried object modeling
of the roughness for calculation of G¯(x;y). The significant interference between
the object and the rough interface as well as the effect of the roughness to the
total field can easily be observed from Figure 4.16b.
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(a)
(b)
Figure 4.16: The magnitude of the total electric field in the existence of two
concentric circular cylinders buried beneath (a) a flat air-dry soil surface and (b)
a random rough surface of σr = 0.3λ, `c = 0.4λ and L = 5λ
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The near field variation of the amplitude of total electric field for two elliptical
cylindrical objects with electromagnetic parameters ε = 16ε0, σ = 2.13(S/m)
buried in dry soil under a quite long and rapidly varying random rough interface
with σr = 0.4λ, `c = 0.3λ, L = 18λ is demonstrated in Figure 4.17. The cell
sizes for both Green’s function and the objects are chosen as λ
20
× λ
20
.
Figure 4.17: The magnitude of the total electric field in the existence of elliptical
objects with same cross-sections, buried under a random rough interface with
σr = 0.4λ, `c = 0.3λ and L = 18λ
Figure 4.18 is the same plot for a body with rectangular cross section embedded
in dry soil with a random ground roughness σr = 2.2λ, `c = 0.3λ and L = 10λ.
Note that in this example the roughness of the surface is quite large and is in
the order of those given in [40].
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Figure 4.18: The magnitude of the total electric field in the existence of
a rectangular object buried under a random and highly rough surface with
σr = 2.2λ, `c = 0.3λ and L = 10λ
To show the interaction between objects of different shapes and materials we
consider the case of three buried objects having kite, circular and drop shaped
cross sections and made of materials with electromagnetic parameters (ε =
20ε0, σ = 3(S/m)), (ε = 20ε0, σ = 0.5(S/m)) and (ε = 20ε0, σ = 1(S/m)),
respectively. The bodies are buried in dry soil under a rough interface with
σr = 0.4λ, `c = 0.5λ and L = 8λ. The variation of the magnitude of the total
electric field in a rectangular domain containing the surface and the objects for
the normal incidence case is given in Figure 4.19. It has been used same cell sizes
as in the previous example for both Green’s function and the objects. It has been
observed that the computational cost of the method does not vary from objects
having simple cross-sections (circular, rectangular, etc.) to more complex ones.
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Figure 4.19: The magnitude of the total electric field in the existence of three
different shaped objects having different conductivities buried under a rough
interface with σr = 0.4λ, `c = 0.5λ and L = 8λ
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5 CONCLUSIONS
A new method, which is called buried object approach, to solve the scattering
problems related to both rough surfaces and bodies buried under a rough surface
is presented. The method is based on the assumption that the irregularities of
a rough surface are cylindrical bodies embedded in a two half-space media with
planar boundary. This allows one to formulate the scattering problem connected
with rough surfaces as a scattering of electromagnetic waves from cylindrical
bodies buried in a two half-spaces medium with planar interface, which can be
solved through an application of the MoM.
On the other hand, the scattering problems related to buried objets can be
solved through MoM when the Green’s function of the background medium is
known. Whereas the determination of the Green’s function of a layered media
with rough interface constitutes a difficult and interesting problem. The buried
object approach can also be used to this aim. In such a case one solve rough
surface scattering problem for the cylindrical wave incidence through the buried
object approach.
In the application of MoM, both bodies buried in a two half-spaces media with
rough interface, and the irregularities of the surface which are assumed to be
cylindrical objects are divided into certain number of cells. Accuracy of the
approximation requires cell sizes to be small and stability requires them to be
large. The method is very effective and accurate as long as the irregularities
of the rough interface from a flat one can be modeled as objects with sizes in
the validity limits of MoM. From this we conclude that the method can be used
for surfaces having a localized roughness. The roughness of the surfaces in the
illustrative examples are much higher than those given in the open literature.
When the size and length of the surface are increased, the number of unknowns
become larger in which case the computational cost also increase.
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Compared to the available methods the proposed method has the following ad-
vantages and disadvantages:
i) The method yields quite accurate results for highly rough surfaces. From this
point of view it is more accurate than the methods based on physical optics and
small perturbation approaches.
ii) The method allows one to obtain both near and far scattered fields in the
lower and upper half-spaces for the arbitrary roughness.
iii) It does not require tapering on the incident wave as in the surface based-
integral methods and allows one to solve the scattering problem for the plane,
cylindrical or spherical wave incidences.
iv) The method is valid for lossy dielectric half-spaces whose conductivities are
of order 10−2 or less.
vi) The computational cost of the method is generally higher than those surface
based integral methods using MoM since the surface is modeled in terms of
volumetric domains.
It should be noted that in the direct and inverse scattering problems related to
the objects buried in a layered media with rough interfaces the determination
of the Green’s function of the background medium constitutes a very important
problem. Due to the properties (ii) and (iii), the proposed method would be a
very efficient tool to this aim.
Further works are directed to first reduce the computational cost of the method
by using fast algorithm such as fast multi-pole method adopted to MoM and to
extend the method to the 2D rough surfaces and 3D objects.
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